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ON ABUNDANT NUMBERS 


By ». CHOWLA. 


§ 1. We say that the positive integer is abundant, when 
ols = dS 2n. 
d|n 
The probability that a positive integer is abundant is 


less than 4. More precisely if A(4#) is the number of solutions 
of 


a(n) >2n (ln <7) 
then* 
A(x) 1 
ero LT <2 


fOr all. dS 15. 
In this paper we prove that + 


(1) Lim eed ¢ (> 0). 


a result recently conjectured by Felix Behrend. In fact (1) is a 


simple consequence of a theorem proved by I. 
Schoenberg in Mathematische Zeitschrift, 28, 1928, 171—199., 


EPR ENE Ss 
(2) Mins %2ns+-+ +> Fun (mal 2, apeie tt) 
be m numbers all belonging to the interval O<¥ <1. 


In the paper referred to above Schoenberg has proved that: 
Fur die Zahlen jy, *X2n--+*> Hyy(2) der strecke 0,....1 


mogen die Grenzwerte, 





k k k 
é int Boyt o. nieces TX ayy 
Co) I acca aa — == fp 
uN— 
fir k=1, 2, 3,....-- vorhanden sein. 


21/23, 322--328 (1932). 





em 


* Felix Behrend, S.—B. Preuss. Akad. IWViss, H. 


+ [bid., 1933. 
+ (1) has been proved independently by H. Davenport, ibid., 830—837 


(1933). 
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Es existiert eine eindeutig bestimmte fir R (s) > 0 regulare 
und beschrankte Funktion ® (s), welche den Bedingungen 
® (n)=p, fur n=1, 2, 3,....genugt. Wenn z(t) die Losung 
des Momentenproblems, 


1 
(4) ® dz(t)= (k=0, 1, 2:02 eee 
[© de(t)=pyp , 0 


c 


bedeutet, so ist 
1 
DiS)! a i io de(i), lots jeeu 
O 
eime Darstellung der Funktion ® (s). 
Es existiert 
Lim (04-1) =® (id) (s=o-+ir) 
o— 0) 
gleichmassig fur —x0 <N <a. 


Die Zahlen (2) verteilen sich gewiss asymptotisch Stetig, 
wenn 


(5) 6(0)=1, und Lint £ [le @| a=. 
*—0 * J) 
Die entsprechende Verteilungsfunktion ist 2(t), welches nach 
den Bedingungen (5) nolwendig Stetig ist. 
oe 
Lemma: For every complex value of s, we have 
s K) $ 
(6) ay | 2 ht 
aaa pe ae fe ee 
oq (1) oq(2) og(%) 


Lim 
iM a 


=#(s) 
and 
; oa —1 a Pe 
(7) ® (s) =1 (Gp Gas Matp ? a : 
—a —2a\—s 
(Lit ge Ue eae ee )| 
where p runs through all primes. 
Proof: For R(s)>1 we have 
k 


oO n® ——S 


ee | -- eee —— 
a es lo, (n) ) ‘ ae tre fem 


+0 Cy PR Rod ae 


as ee 


** ee @e 
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=r). 1p sp Gp V4) 


a —2a —k 


2s — 
Gap +p 


=f(s). F(s) 
where €(s) is Riemann’s zeta function and F(s) is absolutely 
convergent for o> Max (4,1—a). From the latter fact it 
follows by well-known methods that 


The )# 
~ yn [o,(n) | 


Lim = ewe lt t 1). 


00 v 
Lemma2: If ®(s) is defined by (7) then 
(i) |®(s)| <1 for g>0, 
(ii) S(O) <=], 
Proof: From (7), 


wl ety beh 
eat +p ep kt teed bet 
p 
and, for ¢>0, . 
—l —l —2 
O63 | < Hit LIME cericap on apy 


) 
Lemma3; If ®(s) is defined by (7), then for.a=l, 
(8) Lim 1 f \®Gr)|.dr=0 
tO w “4 . 


Proof: Wehave. 


eo | —|! eT amity 
a(r)=Ml | (-p ise (i+p ) 
p 
ey, —— —20\—~ir at 
GES Tree a alee eer ) 


—l —] a i oteed Ay 
log | Bid) |= REI log (1—p yoriGre: (inp ) 
P 


—2 —a —2Za, —trX 
Bare) 


eo |," 


=r} 1, 040) 
F p 





> $2 oy) 


| 


25 1 sin’ (3 og (tp )}+0 (1), 
p 
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—2 5 ; sin? \ : log he) +O(1), 


(9) [e(irny[=e ° 


where the constant implied in O is independent of 2. If we now 
show that 
—(l\ ) 
et? > + sin? { Xtog (4p ) j 
(10) Lim of é 4 drx=0 
#900 * 
then (9) shows that (8) is proved. 


The proof of (10) is exactly similar to the proof of equation 
(37) of Schoenberg’s paper. Here we have to show that the 
numbers 


——=(5 
(11) log (l+p ) 
are linearly independent* in Schoenberg’s sense. This is easily 
seen to be true for a=1, and lemma 3 is proved, From the satzg 
of § 2 and lemmas 1—3 it now follows that 


Ij OS@<1 and A(4, 0) is the number of solutions of 
n 


a(H) < 6 
l<n <x 





then 


A 00 4 
exists and is a continuous function z (0) of @. 


. oe Putting @=1/2 in the last result we get the result stated 
in § 1, 


3rd September, 1933, 

















* It seems likely that the numbers (11) are linearly independent for kis 
a>o, The case a=1 is proved as in § 19 of Schoenberg’s paper, 


ON INTEGRAI. EQUATION ASSOCIATED WITH 
PARABOLIC CYLINDER FUNCTIONS 


By S. S. SHUKREY, M.Sc., 


Research Scholar. 
Introduction: 


Parabolic cylinder functions have of late been studied by 
various workers.* The object of the present paper is to study 
them by the help of the integral equation which these functions 
satisfy and to study some of their properties. In Art. (1) the 
integral equation has been obtained, in Art. (2) the recurrence 
formule have been obtained from them. Articles (3) and (4) 
deal with several expressions of these functions. All the expres- 
sions that have been obtained are believed to be new. 


I take this opportunity to express my best thanks to Professor 
S.C. Dhar for his kind help and guidance. 


g 1. Consider the differential equation, 
? 


‘ d“y dy 
(cxe+ b) dx2 +¢4, Te tb (bk?a?+ A) y=0 (1) 
where b,c, A and K are all constants. 


We will show that, 
eFkx 


satisfies the above equation taken within limits which will be 
obtained in the course of the analysis. Substituting (+) for y 
in the above we have 


eFka 


M4 (cx24b) 3m tex f+ (bea ote | s ( (cd2-b)3 $(0) dd=0 





* Lon. Math. Soc. 2, VIIT, 1909—10. 
Lon. Math. Soc. 2, XVI, 1916—1917. 
Jour, of the Ind. Math. Soc., Vol. XIX, No. 8, April, 1932. 
Dr. Gorakh Prasad, Proc. Bcnares Math. Soc:, Vol. VIII (1925—28y, 


pp.47—48, 
Whittaker and Watson, Modern Analysis [confluence Hypergeometric 


functions]. 


46 
cfkx 
Sy (cx2+ b) k202+ cxkO+ (b2k242+- A) Fee dé=—O0 


> 4 eOkx = 
r{ (cO2+ b)k2x2+ (cO)ka+ (bk262+ A) | cae pit O)4e=0 


Integrating the left hand side by parts, 


nf (Oke py) (8) do=r[ (c62+b) tex ebkng (0) | 
—r f (02+ bythe kv Fk gh (@) + ekg! (8) {a 


Further integrating by parts the second part of right hand 
side we have 


—r fbx (c02+b)5] kx (8) +4 (8) |o?** do= 
| —cOh* (924 b) 4g (8) | 


Q@ , ” 
+r fee [ py (A) + (c@2+b)4 g (8) } a0, 


Hence the total expression will be 


m ka (cO2+b)4 6(0) e@**—~ (cO2+b)3 $ (0) oh 


+0. f [-#22(c02+0)3 (0) of 


(co2+b)2 


On simplifying and rearranging we have, 


Ni #(0)—4 ()] cPRX (6924 b) 44 








Fee RRS CLE LCN CY vad | 


) eVkx 
f (co24b)30 
=0. 


Now ¢ is the same function of 6 as it is of x so the expres- 
sion under the integral sign in above vanishes in virtue of (1). 
Now in order that the first part may vanish we must have, either 
(c62+b) equal to zero, which determines the limits for the 
integral or [kx 6(8)—¢’(8)] equal to zero, 


S) (cO2+b)p (8)-+cOp (8)-+ (bO2k2-+4) (8) 


47 
Hence either © 
Mae % 
$(4)=r Se Sais 
i (c824p)a PC7) dO (2) 
satisfies equation (1) or 
k 
Cane eOkx ; 
1 


where k, and ky are the 


| ke 6(0)—9$'(8) | vanishes, 


values of 0) for which 


Now in equation (1) put. c=6,b=1, 
then we have 
d2y 2 
“Gna + (tt+i—1 42) y=0 


A=n+1 and k=—1 


which is the equation of the parabolic cylinder function (Weber). 
The integral equation satisfying above will be given by 
io/8) 
d(r)=r fet 8 (4) ao (4) 


OY 
To find out X we may use Hermite’s result 


442 adn 1,2 
Dy(#)=(—1)" el" FO (e#) 
CO 
* 16x 
D()=r J eh" D (8) dé 


— 


oe) 

i I5Q eestg2 
Dila)—a J BIG ae 

\o2) 


Z 





ae 


1a 


—=rA2 x1 V 7 e~ 


Lear 1 
Comparing this value from Hermite’s result we have N= 5; ae 
similarly working out the results for D2(n), D3(n), D4(n) 


ee eee 
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: 1 1 
we have 2X respectively equal to DV (i)? 2Vn(ajs 
etc, 

Hence 
1 (oa) 
> 310: : 
D,(*)= 2V m(i)” J ere Dy, (9) do% 
— 0 


where w is an integer. 


_§ 2. Starting from the above integral equation it is easy to 
obtain the recurrence formule. 
Oo itr 
l a 
Dil) =a7e ayn J” Dn (4) a 


wae tee 


0 Or | 142 
(1) pee ee en eer 
Di(*)=27— (ayn Je aon \e **) a 
rap ee. 


0 «iOr i) 
—1)\n+]1 » >-+40 web tne 
( ) 2 d ie a ) dé 


Dn+i(*) = Ze (iyntl J ° don+1 
S28) 
0. 
UN ge ec, 
~2Va(ijntt J & dons’ are AP ba 
—% 








oir 1,2 
CS a ee ~467)_,, dn—1( 16%) 


(—1)n+2 a Oe 4392 qn 


—192 
~2Var(ajntl J © O7gike  ) dd— 
— 
om idx P 
(—1)n+1 eae +20 du—1 —192 
2Vr(i)ntl nf é de@n—l ’ el ) dé 
sae 
‘Oy 
_ _(=1)#+2 > +492 qu —192 
2a (intl Se done ) d0+x Dy _y (x) 


= 02 (5) 














» 


* 1 am indebted to Prof. Dhar for this general result of A, 
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Also fore) Oy 2 
Cam ne et +36 qn —192 0 
D , *\)—- Gs 2 1 
9 ads Psreee ijn ‘bys ag” (*) ae 
—o 


multiplying the above by—2 and substituting in (6) 
we have Dna (#)s>-—2 D’, (~)+n Dy _3 (+) 
or Dy, (*)—n Dy. (4) +2 D'n (+)=o, (7) 


where # is an integer. 


But by Watson’s* formulae, viz., 





: fe Or Re 3m — tn 
mM= 





Also 0 16x 
a a 
Pa) Fea J€ Pn(9) a6 
— 0 


m 





1 : =, hic at B pes 
Balt le “ave(iyn J : ; #5 ii Ta (V2)m—n—2 
Ips = 
(—6)m dé. 
oe) i0x ee 
z 1 i6 > ae ps so [(4m—An) 
D’,,(#) ~2Va(i)". oh é ne. Py | a (V2)m—n—2 
—~* 
(—0)m ao, 
§ 3. 
oO ibx 
Dn(e)=r f e* Dn(0) dd 
2 te (Pye 2 
=f 2 e D,(9) dé. 
— 00 
co 
Also ext—Ht2 142 — > PEM tm + 
m=-o ™: 
2 Dml#) (idm ee 
S & m\*# L m 8 
. Dy (4)= re J Te mt (‘s ye D,,(9) dé 


ig 











* Watson Lon. Math. Soc. 2 VIII, 1909—1910, 
¢ Gorakh Prasad, Proc. Benares Math. Soc., Vol. VIII (1925-26), pp. 47, 
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50 
as ( 5 % D (x) 
+e m\* 7" Ada D,,(9) dé* 
tt? i “m! (SG 5) Se n( 
oa) 


eee 1) 
Sf awe = ve2="—1 Dt 
But j e am D, (4) dx = ai(mt+l1) T'(4m—4n-+ 1) 











{ nm+l.m—n By 
F ( Pee Ae rye SUE 2a | 
putting a= in the above we have 
2 
See in—m—1 1 
{ 0 8 am Dei oe iat HRC! ) 
. (V3 5 )m-+1( 4/2) —3(m +1) | (4m—4n+1)° 
[e) 
P {_n m+1.m—n ant \ 
Et eee te 3} 
oOo 62 wo 2 
Now fe 8 gm D,, (0) d= fe 8 gm D6) do+ 
= ho ° 
Buaeee 
fe S gm D,(0) dé 


2/ nase 
=A e938 9m Dn(8) do+ fe * (—8)™ Da(—6)a9 
<0 ° 


0 © 2 


=jrsc-pein) fo me Dyna 
° 
1/ 
l 1/0 D. (x 
2, 6 = 1/4 3 m ( y 


ye ( 
2V/7(1)” ee wy a epee) te. 
va ewes Vega (m+1) 


F|—% m+1, 
(V3)™+1 (/2)- —3(m+1) | Gm—in+1) a ee 


Dm (*) 


m—o m! 


ms 


2/ 
Dy, (+) = e/4 





———. 


* Watson, Proc. Lond. Math, Soc, (2), VIII, 1910 





o1 


: (i)m—n J L+(—1)m+»} 1 (m+41) - 
(V3)m+l (V2) —(n—m—1) 'y qa im—4n-+1) 


ral nn m+l.om—n 1 


gee ota |G) 





§ 4. We have 


Te DES Ee 
Pe 
ext—$t2_—2y2 — m ( ) jm 
ee | 
ekxt—tk2p2_ 172 _ Dina Dm jin 


m=o ™m! 


ekxt—2{@—1y2p2 = si Din (Re) 
m=0 m! 
; ent? (h2=1) eo H7(1—h2) = Dy, (+) m(R#) 


ae 8, 
tg oe kmtm= 3 — tm 
mao Mm} mag mt 





put =r and k=e4i then 


e—ir2(¢29i_1) e—H2(1—e281) SJ mt r) 


> emOi ym— 
moo me 


sa paltee 1) 


tin 
m=o ™ 


© D,, (red 
m\Te ops ef? (e28i_ 1) ( 


ze 


3 eagle (lee 261) 1) 


mao me! 


11 mas 


o- nl “a 
ae Din (? *) 
ae 
Mima ms 
Equating the co-efficient of 1? on either side we have 


emi tm 


p—m 

. dane 
DotreFi) _ a2 (4281-1) & (= 8) F(ab) F gna? 
p! m=0 Cs")! A 


T 
put 6==and we have 


Zz 
p—m 
2 rem) 
ria. m=0 (ere) ! r 
2 
= p SS Da (Ff) 
pie Seal PTH Tas oe 


m=O (252) | m | 
2 } 


52 











see 
(12 Do(r) eh: zp ite ts ah cee 
mex S + +4 ia + ( ares 
Do(r) (<D ae D3(r) | 
=e 





p p-1 
~Decriy _ 5 ( (=1)2 Dor), (=1) 2 Pa) 
g) Ud Fa) I! 


ais oF Da(r) 3 heats Za D3(r) 
SP pepe eye 


+ (ip “PM? t 








DEPARTMENT OF MATHEMATICS, ) . 
COLLEGE oF SCIENCE, 


Nagpur. ) 


ON SOME EXPANSIONS AND INTEGRALS 
INVOLVING THE PARABOLIC CYLINDER FUNCTIONS* 


3y V. L. MurarKker, 


Research Student, Allahabad, 


In Art. 1 of the present paper certain indefinite integrals 
involving D,,(z) are evaluated, in Art. 2 the expansion of the 
product D(z) Dy (4) Dye) 1s obtained in series of the 
functions D,,(z), in Art, 3 the integral f Dj(#) Dp(#) Dy (a) 

— & 
D, (2) dz is evaluated and in Art, 4 an Addition theorem is 
found, 

1. Some indefinite integrals. D,(y) is known to satisfy the 
following formule :— 

D',(y) +49 Daly) —n Daily) =o )\t 
Dnpi(y)—¥ Dn(y) +# Dug rls) =o J See 


; \¢ 
dy [e—ty? Dy (y)] =—e-49? Dat (9) 3 
d (1-2) 
BE font onto? Dyly) ] == 9" eB? Dug 200) | 
From (1'1) we have 
d 


2 i [ e—aye yP Dm (9) Diy) | 


=| pyP—14 (1—2a) ye+1] e—ay? Dm(y) D,(Y) 
—e-ay? yPL Din (y) Dysi(y)+Dn(y) Dna) J 


€ 


and 


d 
a [e—ay? yP Din4 (9) Dn+1(y) | 


=[pyP—1— (1420) yP+}] e— 49? Ding 1(9) Dug 19) 
—¢—ay2 yPf (+1) Din(y) Dngi(y) + (H+1) Da) Dwi) | 








*I am indebted to Dr. P. L. Srivastava and Dr. Gorakh Prasad for their 
kind help and encouragement in the preparation of the paper. 
_ +Whittaker and Watson, Modern Analysis, 4th Edition, p. 350. 
yl {The formule of (1:2) can be deduced from those of (1'1). 
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It follows therefore that 

fe-a* ye [m Dn(y) Dngi(y) +" Daly) Dn 419) ] dy 
+ [eyP14 (12a) 0-41] 0-03 Dy (y) Duly) dy 
Ti [pyP—1—(1+2a) yP +1] eax? Ding i(y) Dug ia) ay 

=e-0y" yP | Dus(3) Du(¥) —Dm 4109) Dug itd) 1° C3) 
From (1:2) we have 

jy Lend? m+ P42 Daly) Duly) | 


=ym+n+pt1 e—ty* x 
[PP m (y) DiCy) —Dm(y) Dy 42(y) —Dnly) Din42(y) | 


(14) 
and ot 
gy Leb? a0! Diy) Du(a)] 
=ynt+P e- ~ 32 
fpDy (9) D,(y¥) —Di(y) Dy+2(y) — y Daly) Dai) ] 
(15) 
whence 
fem? ypngpe [PD in (y) Dn(y)—Du(y) Dy+2(y) 
—D;(y) Dm +2(y) dy 
at et ym tnt p+2 Din (y) Di(y) (1°6) 
and 


Jemas yb? [pDin(¥) Dul¥)— Dn (9) Dug 2(9) 
—y Duly) Dy 41(y) ) | ay 
=e-2y 2 yntp+l Din(y) Di (y) (1:7) 
As a special case, let us put p=o in (13), (1°6) and (1:7) 
then 
| e—ay* [ Dm(y) Dy -1(y)-+n Dy (y) Diya 1(y) | dy 
i 4 
+ $9 e-# [(1-2a) Dn(¥) Duy) + (1420) Dy 19) 


Dy +. 1(y) | dy 
=e—ay? LPn(y) ables ind. wy), + 1(y) | (1°8) 





= es 


* For the special case a=o, Cf. R. Varma Tohoku M 
S. Vi Math. Je 
Vol. 34, Part I, 1931, ath. Journal, 
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bide 
fe ay yntm+t [Pn(y) Pns2(y)+D,,(y) Din 42(y) | dy 
=—e-ty? ais ao Din (y) Dy(y) (1:9) 
and 
okay 
S879" [Din(9) Duy 29) ty Dy(y) Pnsi(y)] dy 
as Lae 
Sas fates WOT! Din(y) Diy) (1:10) 


Further if m be equal nH we obtain from 1°8 i: 
« e , 9 « 
3 ' ( ) ( ) and 


2n fe-as? D(X) Dn4i(y) dy 


+ fy emay? [ (12a) D2,(y) + (14-20) D2, 41(y) | dy 


=e—ay" | D2,,(y) —D2y 4 1(y) | (1'11) 
feo? y2nt1 Dy(y) Dyyaly) dy 
=—he-b? y2n+2 D2, (y) (1°12) 
and 
: Te 
fe-» aS [Dn (y) Dys2(y)+y Di(y) Dyri(y) | dy 
=—e—hy? yn +1 D2, (y) (1:13) 
If a=}or —3, (1111) gives us 
feb? [2m Daly) Puyo) +29 Daily] ey 
=e-8 [D2,(y)—D2y 4. 1(y)] (1:14) 
{ ety? [2n Du(y) Dyai(y) +2y D2n(y)] dy 
=ehy* [D2,,(y) —D2,41(y) | (1°15) 
2. The expansion of Do(z) Dy(z) Dy, (2). 
It has been shown that* 
Do (2) Dan(2)=(—1)" (2m) -V/2 ets? x 
00 2n+2m+1 D2m(2) 
3 _ ] By Peyote let files Sat ain ° 
Pte ee r( 2 ) | 2m ae 
and 


D(z) D2n4.1(2) = ( 1)" (2m) —1/2 ets? x 
- 2n-'-2m+3y\ D2m+1(2) 
og —s 7m eS enh hs cere ae ° 
S (—1)"1 ( = ) | amb (2:2) 


* R.S. Varma, Proc. Benares Math. Soc., Vol. X, pp. 17-18 
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Again, if p #7 n, then* 
Dp(2) Dn(2)=Do(2) [Dus p(2) +h-D n4p—2(2) 
t- ee n(n—1) Dprn—ale)+--. --] (23) 
If we substitute the expansions oi each of the terms on the 


right side of (2°3) and collect the co-efficients of similar terms 
together, we arrive at the following expansions :-— 


If p+ is even 
D (2) Dp(z) Dy(2)=(—1)" (22) —!/2x 








- D2 (2) 
> = _—_—_— OC . 
i ee ae (2:4) 
p \ 4 
AS PPO n+ p+2m—2r+1 
Where, Ayn aieon vr! (p—r) / (n—r) 7E ( 2 ) 


If p+n is odd 
Do(2) Dp(4) Dy(2)=(—-1)" (21) -1/2x 














Z: D2m 41(2) 
22. m 
pee mI (25) 
: (Pp)! (nm)! n+ p+2m—2r+3 
Where, b= ee ‘rT p+2m—2r+: 
“15 ae r!(p—r)!(n—r)! r( 2 ) 


3. We can now evaluate the definite integral 


0 ‘ 
J Pols) Dp(2) Dn(z) Din(2) ds 
0 
If m+n-+ p is odd 
[e.8) 
J Pole) Dp(2) Dy(2) Din(2) dz=o (31) 
~ 00 
If m+n-+ p is even, we have by virtue of the two equations+ 
ioe) 
J Pin(2) Dn(2) dz=o mn (3-2) 
—@® 
co 
and f { D,(2) \? de= (2m)1/2 n} (3:3) 
— 


A Sa eee 


* Gorakh Prasad, Proc. Benares Math. Soc., Vol. IT p. 18 (1920 
+ Whittaker and Watson, Loc, cit., pp: 350-51 er 
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the relation 


f Pole) D(z) Di(¢) Dy (2) dz 


m+2n p 
feel ye (bp)! (n)! (utpt+tm—2r+1 
; ade ap r!(p—r)!(n—r)! r¢ 2 =) 


(for the case p+ even) 
































2n+m—1 
= 3b ee Ce = Cd)! (n)! (Sse Beas) 
r—or! (b—1r)! (n—-r)! Z 
for the case ; . 
( case Pp+n odd) = (3°4) 
4, Addition theorem. 
Tt is known* that 
ie 2 
pee Sin eo D(H) 
e as 4 => {1 (4°1) 
go ne 
From (41) we obtain 
a ; in 
+ D,( sin a+v cos a) os 
a ! 
12 i z 2 
_ p(w sin a+v cosa) t— 5 ~ SR a CoE a cee) 
ere t2 sin2a u2 
ev, Ot Si tee > cite Sew, 
t2cos?@a v2 (usinad+vcosa)2 u24v2 
eee og eg 
or 
co im (usin @+V cos a)? + u24y2 
> D,(usina+v cos a) cr 4 ae! 
F ! 


in sinna ) { 
ni j ( 





ae 
{S D,(u) 
0 


( 


Equating the co-efficients of #” on both the sides we have 


(wu cos A—v sin a)? 


a 1” cosn a ) 
> D,(v) ay pa ) 
Oo . 





Dy (wu sin a+v cos a) =e 4 x 
[Do(u) Dy(v) cost a+n Di (u) D,_1(v) sina cos"—la 
4 ct) D2(u) Dy_2(v) sinZa cost—fa tt oc. oes | 


ey 








* Hari Shanker, Proc. Benares Math. Soc., Vol. VI (1924). For a direct 
proof, see Gorakh Prasad, Proc. Benares Math. Soc., Vol. VII—\ III (1925- 
26), 

8 
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or 
(u cos @—v sin a)2 
D,,( sin a+v cos a) =e ft x 
n = 
> 2Cm Dm (4) Dn—m(v) sina cos"—Ma (4°2) 
m==0 
If we put 
sin a=cos a=T u=V2«"andv=V2y in (42), we 
have* 
(x—y)? 
D,(x+y)=2-"/Be 4 x 
VW me a 
a Cm Dn (V24) Dun—-m(V29) (43) 
t= 


ee a 
ee ee 


* Hari Shanker, Proc. Benares Math. Soc., Vol. VI p. 14 (1924) 


ON THE REDUCIBILITY OF THE GENERAL ELLIPTIC 
INTEGRAL INTO LOGARITHMS 


By K, VENKATACHALIENGAR. 


In the following paper I have considered the question of 
the reduction of the general elliptic integral into logarithms, 
Abell has considered the problem in an algebraic manner and has 
given some sufficient conditions. Special cases were considered by 
Dolbnia2, Goursat8 and Halphen4 and others, My aim in the 
following paper is to give a set of conditions which do not involve 
relations with the elliptic transcendentals, namely 7, w, etc. I give 
in the following paper a set of sufficient conditions for the redu- 
cibility, not involving the elliptic transcendentals in any way, 
which are believed to be new. 


For the formation of my conditions the knowledge of the 
location of the logarithmic critical points is necessary. Consistent 
with the previous results obtained by others in connection with 
particular results, these logarithmic critical points are situated 
at points given by 


2pw1+2qw2 
Tt et capetn 


where f, qg, S are integers and 21, and 2w2 are the periods of the 
elliptic integral. Although this condition appears to be involving 
the transcendentals it is known that the condition can be given 
in a rationalized form. After this condition, I have given two 
other conditions, one of them being necessary, viz., the co-efficient 
of the integral function corresponding to the sum of all the integrals 
of the second kind? “The CEES dition is towards creating the 
sufficiency. The last two conditions, after the knowledge of the 
location of the logarithmic critical points, are formed with the 
co-efficients of the function that is to be integrated, and radicals 
involving the logarithmic critical points. This is, however, the 
general case. If some more conditions which are given in the 
body of the paper, as well as the conditions set forth below are 
satisfied, then the integral reduces itself into logarithms. 








rr 


Oevres. 


Oevres. 
Series of papers published in Bull, de la Soc. Maths, (1880-1900), 


Functions Elliptiques. 


oe fo. DO 
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a tis: | 
Let the logarithmic critical points be given by 


| jp, G3) eb sree nee 


Then the set of conditions are 





[ __ 2p} 1 +29) 2 
hy aj tle Ga-b Aloe iid nied Pee +l, i ee 
} Zz 2p2 w1 +2492 Ws 

ee a Oe eT 52 
__ 2p3 1 +293 @2 
lay @tqit ee Poe re ey rs Hy SF aep ae 

eel eee a 
eer ed 2p, 1 +29, w2 
I, Bg rie em aieie Bale tee men se eas +1) ay =. 
\ 


Sk 
where all the letters except the a@’s are integers, positive or 
negative, 





Suppose we consider the integral of the form 





Oy *M+Oy, 1 4M—-14.... 44, dx ee 
(2) aie by, em ee ace 61 ei® @ 618 40h) 0l rae) wae +bo j V 443—gox—g3 


Then dividing the numerator by the denominator (if m>n) 
and substituting +=p (uw, g2, g3) we obtain two integrals 





(3). ctavig (CRE Repos ale ate ak +k pa) du 
af Cotcy Peo pet.i........ +¢, ps ) 

4) 28h (ee ; du 

“) +J (p—a,)™1 (p—az)r2 Sf pape See (p—a,)*r 

where a,=)' (a7) >'(r=1)2, een Srithdes te n). 


First of all, it is easily seen that the condition for the reduci- 
bility of the integral into logarithms is that the integral should 
consist of a number of logarithms of elliptic functions and terms 
expressed rationally in terms of the elliptic functions used, 1.é., 


b(«) and p’(x) 

Hence in order to find a criterion f 

enough to consider the terms that are n 
will be of the following three forms :— 


(a) u, (b) &(w), (c) Log{o(u+a, ) \ 


or the reducibility it is 
ot periodic. Such terms 


61 


Now first of all €(w)+du, where d is a constant can never 
represent a doubly periodic function; for, if it does, then 


ee dw} oo 1} == 0) 
and 2dw2 — 2 = 0; 


This is certainly inconsistent with the relation 
N] ©2 — N2 @, = Tl 

and €(#) combined with terms in (a) and in (c) can never be 
represented as a number of logarithms of elliptic functions, for, 
e6(") has an isolated essential singularity at #=0O which can 
never be made regular by the addition of any number of terms of 
the form (a) and (c). Hence for the reducibility it is necessary 
that the co-efficient of €(«#) should vanish. This co-efficient is 
evidently rationally expressible in terms of the a,’s and the 
co-efficients of the various terms in the original integral (2), and 


V 4a3,—92 ap—g3 ® 
On returning to our original integral (2) I determine the 


co-efficients of ¢(u) and u. We know that the polynomial in 
integral (3) can be written in the form 


dotd, p(u)+d2 p’(u)+.n.... +dp p(k) (u) ; 
hence, we see that the co-efficients of w and €(w) in integral 
(3) are d, and d respectively. Next as regards (4), on express- 


ing the fraction in the integral in partial fractions, we arrive 
at expressions of the form 


f du 
[p(4)—p(a)]"? 


now we can calculate this integral by means of known recurrence 
formulae. As the form of one term in it is wanted for my 
conditions I propose to obtain it in this way. 


Pees eu ta)—l(n—d) —20(a). 





p(w)—p(@) 
Differentiating this successively with respect to a, we get 
l Tas (ay KMS... cent 


[p(u) PCa) | 
te, +A [p(a), p’'(a)] 4 p(uta)+p(u—a) | 
+W [p(a), (a) ] 
Wh 
ik, M=t(u+a)—(u—a) —2£(4) ; 
and the functions /, #4 and V are rational functions of f(a) and 


p’(a). 
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And finally as €(u+a)—€(u) is an elliptic function we can 
write the expression after integrating the integral (4), in the 
following form :— 

u 4 : 
= fa log e~26(a) gee ute, (u). 
a 


o (u—a) 


4. terms which can be expressed rationally in terms of p(t), 
and p’(u). Hence our integral (2) is pseudo-clliptic if the follow- 
ing function, viz., 


NU (1 a) 
S fg log e-26@) a + (eptdy) w+ (er+d1) €(u) 
a e 


is expressible as a finite combination of logarithms of elliptic 
functions, 

Now I propose to find a set of sufficient conditions for the 
reducibility, 

The first necessary condition that is obtained is, of course, 


Now suppose we write the other terms in the following form 


[-26(a)-Aa]uy, Tuba) 
k nai Fauve é x span 


where the A,’s are arbitraty which are fixed later on, and k is 





expressible in terms of 2's, a,s and V4a,3—gp a,—93 Ss 
rationally. 
So also is the condition ey+d,=0, 
Now we shall find the condition for the expression 
log e~ (26(a) +raluy, uta) 
fa 108 ¢ * 5 (u—a) 
to be the logarithm of an elliptic function [of course, I always 
mean, with the same periods] writing this in the form 
Ja og e—Ral2b(a) +ralii see Ra 
Ra a(u—a) 
where K, is an integer. 
The condition for 
oe Ra[2h(a) +rAa]u ye EE Ka 
a(u—a) 


to be an elliptic function with 2, and 2 w> as periods is obt 
easily, viz., 





ained 





raed | [20(a)+Agq] +) a= . 
a 
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—02 [26(a) +a] +n a= Ft 
Ra 
where ¢ and s are integers, Using the fact that 


| @2—H 0, =T, we obtain the condition for this to be 


2 rw} +2 sw2 
a= —_;— 
Ra 
Aa 271 +2 sy2 
c (a)+> Pirie as 5 


and corresponding conditions for the remaining terms. Here the 
second condition by means of an artifice can be put ina rational 
form in the following way. 


The condition is 


Kaha 2101 +2 swo- 
a Sr +sn2—Ra at ae mal 


Now we know that 
Z(a)=[R,—1)a]—(Rk,—1) €(a) can be expressed ration- 


ally interms of p(a) and p’(a). Now this function is evidently 
equal to 


—€(a)—(Ra—1) §(a)+rn1+5n2 
Tyg 
=—Kq §(a)+rn1+5n2= 3 

Hence the X’s are determined rationally in terms of [p(a,)]’s 
and [p’(a,]’s; and therefore k is also expressible in terms of the 
above functions rationally. 

The other condition for reducibility after the condition that 
are indicated for the a’s are satisfied is that k, which depends upon 


the X’s should be equal to zero. Hence this is the other condition 
which is certainly rational in 


(a,)’s and [V4 a,3—g2 a, — g3 |’s. 


In order to obtain a rational condition in place of the condition 
that are to be satisfied in the case of the a’s. We may proceed in 
the following way. Now irom the expression of (p(a), p(2a), 
p(3a),. . . which are formed rationally in terms of 


a,, and V4a,3—g2 7-93 ; 
If this series is such [and it is obvious that if we have 
2rw,+2sw2 
Be eae 


a 


_ then p[Rq—l)a]=p(a)] that after a certain 
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stage we get one term in the series which is equal to p(a), and the 
next term becomes infinite, and the other terms once again become 
2rw,+2sw2 


equal to p(a), p(2a),. . . then ay For Hence the 
a 


conditions that the a’s should satisfy can be put in the above form. 


Now this is a general condition, but in particular cases it may 
so happen that the criterion is widened. For illustration, I have 
taken the case where there are only five logarithmic critical points, 
viz., a, B, y, 6, €«. But the general case can also be dealt with 


similarly. 
Suppose that integers /, m, n, P, Q exist such thai 


fa fB_ fy 15 fe 
pacer eeee 8 lacie 


Then we can combine the terms in the following way 








Fa yg — [2S(a) + 2mE(B) +2067) +a] Rat Bes x 
IR, een o(u—a) 
ae eq ay IRey ) 
a(u—B) o(u—y) i 
fs, 6 +6)9° R68 
ce lo y— [2P5( )+205(e) +A§ R§su a(u+6) 
PRs °9 | ° Re eee 
"a (ute) OR, 
ees 
Now the conditions in this case are 
4 2 sw: 
lat+mB+ny= Lone doe 
Ra 
2 ; 
and P6é+Q0c¢ = POT DEg we 
Rs ‘ 


which again can be put in the proper rational form in a similar 
manner ; 


and two other conditions which are 


ha=— HE (a) — mb (B)— nk (y) 4 LF 92 
5 t 


a 





AS=—Pt(8)—Ot(e) 4+! Sa 


Here al 0 by m « . a Si nil j . t ~ > 
SC 4 wns ot ] « & re Po a 
’ - . I at artific W can express the 


(a,)’s and [V4 a,3—99 a, — 93's. 
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Now 

S(la+mB+ny) —1f(a)—mf(8)—n&(y) can be expressed 
rationally in terms of p(a), p’(a), p(B), p’(B), etc. Hence rq 
can be expressed in terms of the above quantities, and so is rAS 
expressible. Therefore the condition corresponding to k=O is 
also expressed rationally in terms of 


(a,)’s and [V4 a,3—g2 a, — g3 ]’s. 

As a corollary the following interesting results can be obtained 
Uis.: 

If a general elliptis integral which consists only of integrals 
of the first and seeend kinds [in that case only it is reducible 
to logarithms] is such that the places at which the integral has 
logarithmic critical points, namely [a@), 42,a3,. . a,] are such 
that 

2 pyoi+2 gra" 
ay = eee ies 
r 


integral of the form 


» (r=1,2,3,.. . n,) thén by adding an 


d 
k [= it is reducible into logarithms. 
V4 3-92 *¥—93 


HEILBRONN’S CLASS-NUMBER THEOREM 
By S. CuHow ta. 
This note contains a slightly modified version of Heilbronn’s 


proof of his class-ynumber theorem.1 In particular my proof is 
independent of the theory of ideals. 


1. The notation used here is the same as in Heilbronn’s 
paper (“On the class-number in imaginary quadratic fields,’ to be 
published shortly). The following additional ideas are introduced. 


Tet Xi (1) denote’ a real primitive character (mod my) 


(m, >o) such that 
ie,6) 


SN th) 
al | 
for some s=p in the half-plane o> }. 

Let py? po) aye ee denote the primes in ascending order of 
magnitude which are not contained in m,.. We now choose m so 
that 

CL) aI Pi PUPS ee by 
where r will be defined later, 
We define y(m) a character (mod m) so that 
x(n} =, (0) [(m, m) =1], 
Sat a8, | (nym) > 1], 
It follows that 


Lo(s)=L(s, xX) =2 x(n) n~§ 


8 


vanishes for s=p where 
(2) p=9+id ($< 6< 1), 
A is an absolute positive constant? such that for 
1 <lop <m, 4<o <1, we have 


x lo 
(3) m-2o £ (2:1, “)=0 (mA —2), [A>2]. 








a 


. (1) Equation (11) of this paper. H=h (d) is the number of primitive 
classes of binary quadratic forms of negative discriminant—d 


(2) It is easy to prove the existence of such an A, 
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We define r as the least positive integer satisfying 
Qo. Gael 
(4) ld |4. 6 <m4 <]d|2 3 
where3 6>8, 


Since mj is fixed it follows fon 1) and (4 
that | Hert ©) 


(5) r— 50,as —d-yo., 


The constants implied in our O symbols depend ‘only on 
my, s and p but they are independent of r, d and _H. 


2. Proof of the theorem.—Following Heilbronn we prove 
that (for detatis see the concluding section 3), 7 
(6) O=Z(2 Avy mera Yy(a)a7P 
; nL 


( ei) a 
+O \HmA | d |4 2)1.0 (Hm4'| d|—30), 


Further, since y(@) is O unless a is prime to m, it follows 
that 


(7) |% x(a) a-P| > 1+0 ( > 5) 
a 
Pan 
where k is the least positive integer prime to m, From (1) and 
(5) we obtain: 


(8) ke as —d-wom, 
Since 
(9) S a-P = O (Hk-*) 
aoe 


it follows from (9), (8) and (7) that if H is bounded, then 
(10) |S x(a)a-P] >. 
a 


If His bounded the equations (+), (6) and (10) contain a 
contradiction as —d—o, since the moduli of the terms 


Z(2p) and Il (tp 2P) 
p/m 
are greater than absolute constants (#>{). 
Hence 
(11) H=h(d)-« as —d-o, 
the desired result. 








a = —- : ~~ ——- ——EEEE — 


(3) If @<% fcrall m,, then by -a theorem’of Hecke, H=h(d)-~@ 
as—d xX. i “S404 {6} 
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3. From (3) and the proof of lemma 9 of Heilbronn’s paper 
it follows that4 


1 aS, 
(12) reo aes | d |4 2 =f | d |-40). 
From (12) and the proof of lemma 10 of Heilbronn’s paper it 
follows thats 
(13) Lo(s) L2(s)=Z(2s)_ 0 (1—p—45) SB x(a) a* 
D/m a 


+0(HmA4 | d |t-3¢ + Hm2|d |-?¢), 
whence putting s=p we get 
(14) O=Z(2p) I (1—p-*?) = x(a) a? 
p/m a 
4O(HmA4 | d |*—~39 + Hm2 | d |—?8 ) 
and this is the same as (6) since 4>2, 








(4) W(s)= ~ S (ar? +bry+cy2)—S for o>1. 
aia L=—00 
VSlq(m) xl, (m) 


(5) For o>, sl. 


COLLINEATIONS IN PATH-SPACE 
By D. D. Kosamsr (Poona, India). 


A geometry attached to systems of second order differential 
equations of the generic type 


(1) witai(a,#,t)=0 ri ete, (iat. ..n) 


has been discussed elsewherel. Curves representing solutions of 
(1) can be regarded as the generalized autoparallel lines or 
paths of a space, and the intrinsic differential geometry thereof is 
developed from two main assumptions: (a) the tensor invariance 
of all fundamental equations, including (1), and (b) the existence 
of a vectorial operator, the yanishing of which defines a parallelism 
making solutions of (1) autoparallel lines, 

I here attempt to inyestigate a special type of path-space 
which allows continuous groups of deformations carrying paths 
into paths, 

Let wi(#) be a vector field representing an infinitesimal 
transformation of such a group by means of the “small 
displacement” 


wi=ax tui bf 
Then the functions wu! must satisfy the equations of variation 
O21): 
(2) uitat., ural, ur =0 


As usual, a repeated index denotes summation; moreover, 


ft and y= a Inasrauch as the operator for total 
differentiation with respect to ¢ is 

UME PRES ee ee 

fo Ea lr a F 


we find that (2) reduce to 
(27) i! ny amyr—ar ui,+at Wy ar tal “0 0, 
Let it be further assumed that a! has the form of a polynomial 
in: 3% . 
(3) ai=Ai+At,ah+ Et, whar+ ..+.$Ai, eit Be sh oe 


(1) D. D. Kosambi Rendiconti della Reale Accademia dei Linceit 





Te D. D.Kosambi Math. Zeitschrift, Bd. 37, (1933), pp. 608, 618. 
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The coefficients 4, are functions of »# alone, syinnietric 
in all subscripts; the letter has been used for the quadratic 
terms only, for reasons that will be apparent later. 

In the previous papers referred to, as weil as in a remarkable 
exposition by M. Cartan?, it was shown that 

ai—txrai., as also Bhs ed 
and their further partial derivatives with respect to ¥ are tensors 
of the rank expressed by the indices. It follows, since (1) are 
tensor invariant, that: 

Ina polynomial ai of the form (3), the terms of any degree 
except two have tensor co-efficients (At....). The coefficients of 
ihe second degree terms (Vijz) have the same laws of transjorma- 
tion as those of a symmetric affine connection. 

We can, therefore, obtain a covariant differentiation with 
respect to the T’s alone, by the usual rules: 


(4) My yee ht Tipp 
and so on jor tensors of any rank. 
The equations (2’) also represent polynomials in x, which 


must vanish identically, as our infinitesimal transformations form 
vector fields independent of the particular paths chosen, We thus 


obtain, from terms not of the second degree in x, 
(3) wm | r[ Anny. “hy ony tam. hy O"ngt +Atnrny. mM Sn; 


hs r 
Sim A hyhz..h; | 
WN 1 i = ied 
+uU Athyn. .hjym 0. 
where the vertical bar before a subscript denotes covariant 
differentiation with respect to I';, as defined in-(4) ; oF are the 
usual Kronecker symbols, zero or unity in value as the two indices 
are different or coincident. The second degree terms, however, 
give: 
-) . é . ee ay. é 7 . 
C(O) Miata ie TR eee gi]. 
Rt; , 1 being the curvature tensor for the I’s. But with the 
following identities :-— 


Rt; pp +-Rt; 7 p=0 


(7) Ri; ppt Ky p+ RY 5 p=0 
ut | j | kau | k | j= Ty, ik ule 
we can reduce this to the normal form 
(6) wy RR pul, 


(2) E. Cartan Math. Zeitschrift, Ibid., pp. 619, 622. 


$$ 
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We have thus broken up the equations of variation into one 
system of partial differential equations of the second order, 
and several of the first order, all being tensorial in form. 

The problem of determining whether any solutions of (5) and 
(6) exist is reducible to one of algebra8, though not explicitly 
soluble as a rule. The general solution, if any exist, can be 
expressed in terms of f independent fundamental solutions 
(psn2+n) as a linear combination of these with constant 
coefficients. But (6) has a further very important property, easily 
proved by means of its compatibility conditions and the identities 
(7). That is, if «w!, vi be any two distinct solutions, the alternant 
or Poisson bracket 

(u, v)i=urvi, —vru,=urvi),—orui, 

is also a solution of (6). Thus our independent infinitesimal 
transformations generate a group. It does not by any means 
follow that the common solutions of [5] and [6] generate 
a Lie group. This is the case, however, when none or 
only one such common solution exists, apart from _ this 
trivial case, the most general conditions can again be reduced 
to a problem of algebra, and in fact to the discussion of the 
independence of a series of linear or bilinear forms. One 
might consider the possibility of [5] being a consequence of the 
compatibility conditions of [6], or, of the equations [5] themselves 
possessing the group property. In general, it would not seem 
that such multiparameter groups exist when the a! contain terms 
of degree higher than two in x. The main point is that there 
exists a covariant derivation as for the affine connections, and that 
the general operation of the derivate or biderivate which I have 
elsewhere defined, can be replaced by a known and familiar type. 
The analytic connections are not more general than those of the 
form a'=I";, x! ak Ei; x!+wi which, by the way, are the only 
ones that are analytic in the space of m+ 1 dimensions wherein t is 
taken as one of the +’s. 

The same discussion for the most general form of at has no 
meaning, but is easily extensible to ai that are analytic in + and 
sufficiently differentiable in x to allow a discussion of compatibility 
conditions, Even more, convergence of the infinite series can be 
ignored if merely an expansion of the prescribed form exists. 


Formally, each power of x in the expansion yields just one 
equation, independent of all other terms except those of the second 
degree. Apart from the question of solving an infinite set of 
differential equations (present also in the analytic case) the only 
difficulty possible would be that of the absence of uniqueness of 





(3) L.P. Eisenhart Non-Riemannian Geometry (1927), pp. 126, 132, 
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expansion. But in this last case, if it can occur at all, we may 
regard the various forms as given by the use of different ways of 
describing the same space; or as different spaces that are feasible 
for the same paths. Similarly, asymmetric components, corres- 
ponding to the torsion tensor and the like can be introduced in the 
various coefficients, though they will not appear in the actual 
equations (1) or (3). 

The question of collineations (path-preserving continuous 
groups of transformations) in path-spaces for which the at 
possess a formal expansion by polynomials homogeneous in x, 
can be dealt with by methods similar to those used for manifolds 
with asymmetric affine connection. The particular connection, 
moreover, is represented by the coefficients of the quadratic terms 
in the expansion. 
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